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ABSTRACT: We develop an analytical approach to scalar field theory on the fuzzy sphere
based on considering a perturbative expansion of the kinetic term. This expansion allows
us to integrate out the angular degrees of freedom in the hermitian matrices encoding the
scalar field. The remaining model depends only on the eigenvalues of the matrices and cor-
responds to a multitrace hermitian matrix model. Such a model can be solved by standard
techniques as e.g. the saddle-point approximation. We evaluate the perturbative expansion
up to second order and present the one-cut solution of the saddle-point approximation in
the large N limit. We apply our approach to a model which has been proposed as an
appropriate regularization of scalar field theory on the plane within the framework of fuzzy
geometry.
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1. Introduction

Roughly speaking, the term fuzzy geometry labels the noncommutative deformation of Rie-
mannian manifolds which come with a Laplace operator with discrete spectrum. The idea
is to truncate this spectrum and subsequently to deform the product on the truncated set of
corresponding eigenfunctions in order to arrive at a closed algebra of functions. The most
important example of a fuzzy space is certainly the fuzzy sphere, obtained by truncating
the set of spherical harmonics Yj,, to the subset [ < L together with the deformation of
the product given by

ixad —adxat = (2P ad] ~ igpat, (1.1)

where 2%, i = 1,...,3 are coordinates denoting a point on S? C R3. This deformation can
be traced back, at least, to Berezin []; the geometrical interpretation is essentially due to
Madore [B]. For a comprehensive review of fuzzy geometry, see [f.

The concrete physical motivation for studying fuzzy geometry is twofold: First, fuzzy
spaces arise — similarly to other noncommutative spaces — in string theory rather nat-
urally, when certain background fields are turned on [[l]. Second, field theories on fuzzy
spaces reduce in general to finite-dimensional matrix models and there are well-defined lim-
its in which the classical field theories on the fuzzy sphere tend to the continuum field theo-
ries on the sphere and on both the commutative and the noncommutative plane. Therefore,
fuzzy geometry might provide a powerful regularization scheme for quantum field theories,
which would possibly have several advantages over a lattice regularization.

A serious obstacle to using fuzzy geometry as a regulator is the fact that the taking of
the limits which yield the commutative spaces does not commute with quantization: In [f,
it was found that a finite “noncommutative anomaly” survives the limit from the fuzzy
sphere to the commutative sphere. This anomaly in turn yields the well-known UV/IR
mixing on the noncommutative plane [fj in a certain limit. An approximate analysis of the
phase diagram of fuzzy scalar field theory [[i] as well as corresponding numerical studies
confirm this point. However, modifications of the naive action used for quantization on the
fuzzy sphere might reproduce the correct commutative limit [0f.

To improve our understanding of the situation and to study the effects of the proposed
modifications, an analytical handle on the model would be desirable. As mentioned above,
field theories on fuzzy spaces are matrix models, and for these models, a large set of
techniques has been developed over the last decades, which allows one, for example, to
evaluate the partition function of certain matrix models exactly. Furthermore, gauge theory
on the fuzzy sphere has recently been solved analytically by using localization techniques
on a reformulation of the theory [L(]. Unfortunately, scalar field theory turns out to be
too complicated to allow for a complete treatment.

Using the symmetry of the path integral measure, we can however show that the
partition function of fuzzy scalar field theory is the same as that of a multitrace hermitian
matrix model. Knowing this model explicitly would be very useful, as such a multitrace
matrix model can be solved using e.g. the saddle-point approximation. As it turns out, a
perturbative expansion of the kinetic term allows us to identify the multitraces appearing



in the rewritten action order by order in a straightforward (but increasingly tedious) way.
It is clear that such an expansion makes sense in a particular region of the parameter
space of the theory. Furthermore, this expansion corresponds to the high temperature (or
hopping parameter) expansion which has been successfully used in the calculation of the
phase diagram of scalar field theory on a two-dimensional lattice; for details, see [[[1]] and
references therein.

In this paper, we develop the details of our technique and evaluate the perturbative
expansion up to second order together with the solution of the thus obtained multitrace
matrix model. Explicitly, we find the effective action

2
Set =& Y (i — )2 + € (Z(Ai - Aj)2> +&Y (=)t + Z VN, (1.2)

1>7 (> 1>7

where \; are the eigenvalues of the matrices encoding the real fields on the fuzzy sphere;
the exact values of the coefficients &2, {22y and &4 can be read off from equations (B9
and (B.25). The large N behaviour of the coefficients is given in (.4) and reads as

N N?

E, 5272 = 0 and 54 ~ (13)

& ~ -

Moreover, we apply the same technique to the proposed modification of fuzzy scalar field
theory mentioned above, and compare the results to the ones from the undeformed model.

The outline of this paper is as follows. We start with the construction of the model,
comments on various special cases and symmetry considerations in section 2, before we
present the actual perturbative expansion in section 3. The solution of the obtained multi-
trace matrix model in the large IV limit is presented in section 4. In section 5, we consider
the modified fuzzy scalar field theory and its corresponding multitrace matrix model, and
we conclude in section 6. Our Lie algebra conventions, further useful formulse and some
group theoretical background is found in the appendix.

2. Scalar ¢*-theory on the fuzzy sphere

2.1 The fuzzy sphere

Consider the sphere S? = CP! together with the Laplace operator obtained from the
Fubini-Study metric. Its eigenfunctions are the spherical harmonics Y7, with eigenvalues
[(I+1) and degeneracy 2] + 1. The quantized version of this space, which is known as the
fuzzy sphere, is obtained by truncating the spectrum at a certain value L and deforming
the product such that it closes on the corresponding truncated set of eigenfunctions. This
yields a finite-dimensional algebra, which approximates the algebra of functions on S?. To
be more precise, note that in complex coordinates, all the Y}, with [ < L can be written as
homogeneous polynomials of degree L in both the homogeneous coordinates z,, a = 1,2,
on CP! and their complex conjugates Z,. As a basis for these polynomials, we choose the
monomials

Zaq -+ Rap 2B - 2By - (2.1)



A suitable quantization of this basis is given by!

al, ...al, [0(0lag, ...as, € HL @ HY, (2.2)

a1

where |0) is the vacuum in the Fock space F of two harmonic oscillators with raising and
lowering operators satisfying [dq, &;] = do5. Evidently, H;, C F denotes the Hilbert space
with L excitations and H is its dual. The operators (B.9) take over the role of the spherical
harmonics (2.1]) and form by construction a closed algebra. They are furthermore in a one-
to-one correspondence with endomorphisms of sections of the line bundle O(1)®% =2 O(L)
over CP!, and thus our quantization prescription is indeed the usual geometric quantization
of CP!.

Note that the operators (R.2) act on the N = L + I1-dimensional irreducible representa-
tion of SU(2) and they can thus be translated into N x N matrices which become hermitian,
if we consider operators corresponding to real functions. Thus, scalar field theories on the
fuzzy sphere can be written in the form of hermitian matrix models.

Furthermore, it can be shown that the Laplace operator A obtained from the Fubini-
Study metric which is equivalent to £;£; with £; = iaijkxj Ok, where 2 are cartesian coor-
dinates denoting points on S? C R3, turns into the second Casimir C, in the representation
obtained from the quantization procedure.

Demanding invariance under the isometry group SU(2) suggests that after quantiza-
tion, the integral over the sphere turns into a trace over the integrand. The appropriate
normalization is given by the condition that [ dA= 47 R?. Therefore,

/S2dAf - 47;\];52 i (f) . (2.3)

In the following, we will omit the hats over operators for convenience.

Altogether, the fuzzy sphere is defined in terms of a matrix algebra approximating the
algebra of functions on the commutative sphere and it is characterized by the parameters
N and R. We will consider various limits of this matrix algebra in section 5.1.

2.2 The model

With the prescriptions of the last section, we can directly translate ordinary scalar ¢*-
theory on the sphere to the fuzzy picture. Note that as in the commutative case, we scale
the Laplacian by a factor of %. Our action is therefore given by [LJ]

a a
S =t <ﬁq>02<1> + 7 02 +g<I>4> = ~tr (—Q—RQ[Li, O|[L;, @] +r B + g<I>4> . (24)
where we introduced the shorthand notation v = %. Furthermore, the L; are the

generators of SU(2) in the L + 1 = N-dimensional representation of SU(2); see appendix
C for our Lie algebra conventions.
The partition function of the model reads as

Za,T‘,g,N — /dMD((I)) e—BS _ /dﬂD(cI)) e*,@“/tr <fﬁ[L¢,CI>][Li,CI>]+r<I>2+g<I>4> . (2.5)

!This particular representation of functions on the fuzzy sphere can be found in [@]



The measure dup(®) denotes the Dyson measure [I4] on the set of hermitian matrices of
dimension N x N,
dup(®) = J[dRe(®;) ] dim(®s)) . (2.6)
i<j i<j
This measure is invariant under the adjoint action of a unitary matrix Q, ® — Q®QF: the
normalization is irrelevant for our purposes. However, we will rely on the fact that under

the decomposition

d = QAQT, A = diag(\,...,A\n), (2.7)

the Dyson measure splits according to

[au@ = [ ZﬁldAi 8%() [ duu(®) (2.8)

Here, dpup(€2) is the Haar measure as defined in appendix A and A(A) is the Vandermonde
determinant
AN = det(N ) = JTv=x) (2.9)
>7
The explicit appearance of the radius R of the sphere is only interesting for approaching
the planar commutative and noncommutative limits. We will therefore put R = 1 in most

of our subsequent discussion.

2.3 The case a = 0: Hermitian matrix model

If we put @ = 0 in (2.4), our model reduces to the well-known hermitian matrix model.
This model is exactly solvable [[[§]. Not only can one straightforwardly reduce this model
to a model of eigenvalues, thereby reducing N? integrations to N, but one can even give
an explicit expression for the partition function in terms of orthogonal polynomials.
Using the decomposition ® = QAQT, the dependence on © drops out and the model

turns into

N
Za:O /Hd)\l AQ(A)/dMH(Q) e*,@’ytr (TZZ )\12+gzi)\21)
Z;l (2.10)
= /HCU\@' o2 i X=X =By (r 2 A9 T, A;‘),
i=1

which is the description of a one-dimensional gas of eigenvalues in a quartic potential with a

two-body repulsion. To obtain the exact partition function, consider the monic polynomials

pn, of degree n normalized according to
/ AN prappe P (PATHNY) s (2.11)

Then the partition function reads as

N—-1
Z = N[ b (2.12)
=0



As it is well-known, the large N limit of this model has a third order phase transition at

the curve
7 2 TR 2

g = _WT

for negative values of r. At this curve, the double well potential becomes sufficiently deep,
so that the eigenvalue distribution splits into two components. This phase transition will
be expected to appear also for a # 0, as argued in [ﬁ]

2.4 The case a # 0: The full fuzzy field theory

With a # 0, our model (R.4) becomes considerably more difficult than the hermitian matrix
model, as the “external matrices” L; do not commute with unitary matrices, and thus
prevent us from performing the integration over the angular degrees of freedom encoded in
Q.

In [[(g], the partition function for the hermitian matrix model with an additional ex-
ternal matrix A and the interaction term V(A®) has been calculated exactly by counting
graphs; this solution was reproduced in [[[7] using the character expansion method. Un-
fortunately, having three external matrices L; as in our model (B.4) renders this method
essentially useless.

However, one can make the following statements: The kinetic term does not depend
on tr (®) since Co1 = 0. Therefore, when [ dup () f(tr (PCo®)) is rewritten as a function
of the eigenvalues of ®, it only depends on the differences (A\; — A;j). Since there has to
be a permutation symmetry between the different eigenvalues as well as invariance under
A; — —N;, the kinetic term is in fact a function of the form

/ dur(@e P2 — axp (= ST ) ) Sohy - SaE | L (2.14)

k,m1,n1,...,mg,ng

=, = (En)" = (- (2.15)
1>)
Besides yielding a nice consistency check for our calculations later on, this form offers a
physical interpretation: The kinetic term corresponds to an additional attractive? force
between the eigenvalues, which will compete against the repulsive force stemming from the
Vandermonde determinant.
Altogether, we can make the following qualitative predictions: We expect three differ-
ent phases, each characterized by the dominance of one of the parameters a,r and g.
First, there clearly has to be a remnant of the disordered phase of the matrix model
with @ = 0, in which ¢ is dominant. In this phase, (| tr (®)|) is small due to the eigenvalue

repulsion. As the eigenvalues are confined in a single well potential around the origin, also
(tr (®2)) is small.

2The force cannot be repulsive, as the scalar field theory on the fuzzy sphere with ¢ = 0 and = > 0 is
evidently stable for finite IV; it can, however, be repulsive on short distances.



Second, there can be a non-uniform order phase, in which r strongly influences the
shape of the potential and the double well becomes sufficiently deep. Here, (| tr (®)|) is
still small, but (tr (®2)) becomes considerably larger.

Third, there should be a uniform ordered phase, in which the kinetic term plays a
significant role. As the force introduced by this term corresponds to a potential which
vanishes for ® ~ 75, we expect that in the large N limit, the expectation value of
{|tr (®)])? ~ {(tr(®)?). Surprisingly, such a phase seems to be present even in the ab-
sence of the kinetic term [[Lg].

2.5 From fuzzy scalar ¢*-theory to multitrace matrix models

It is easy to see that any hermitian matrix model can be rewritten in terms of multitrace
expressions: Since the Dyson measure is invariant under the adjoint action by an arbitrary
unitary matrix €2,

dup(®) = dpp(20QF), (2.16)

the part of the action relevant to integration has to be invariant under this action, as well.
Formally, we can write:

1

s “Set with e Senl® _ 1
J dno(@) e = [ano@) s wim e wl(U(V))

/ dpurr () 500,
and Seg is clearly invariant under ® — Q®QF. Now the only functions of ® invariant under
this transformation are products of traces, and we thus have

Seft = antr(q)")+anmtr(QN)tr(¢m)+ Z snmktr(@")tr@m)tr(@k)—|—... .

n,m,k

Such an action is certainly much easier to study than the original one involving an external
matrix. Our goal will therefore be to turn our model of fuzzy scalar ¢*-theory at least
approximately into such a multitrace matrix model.

Multitrace matrix models became popular at the beginning of the 1990ies, as they
were found to arise naturally when higher order curvature terms were included in matrix
models describing two-dimensional gravity [[[J], see also B(]. Including these curvature
terms amounts to modifying the kinetic term of the matrix model by adding tr (A®PA®),
where A is a fixed external matrix. Before this model was solved exactly in [[lf], the authors
of [[[9 approximated it by the simplest multitrace matrix model of the form

S = atr (®?)tr (®?) + rtr (®?) + gtr () . (2.17)

This matrix model has been considered as a model for string theories with ¢ > 1 and
additional curvature terms like [ dQU\/gRQ. It was found that the phase diagrams of both
theories share many features [2(].

2.6 The most general hermitian matrix model

As a remark, note that one can push the analysis of the structure of hermitian matrix
models using the symmetries of the measure even further. The full symmetry group of the



Dyson measure dup(®) on the ensemble of N x N hermitian matrices is in fact SO(N?),
as

dpp(®) f(@) ~ dV D! f(D17,) . (2.18)

where dV°®# is the ordinary volume element on RY ®. This implies that the only relevant
part of the action S is the one which is invariant under SO(NN?) rotations of the components
®H S, and therefore, the action has to be a function of tr (®2):

/duD(CD) e = /duD(cb) e with Seg = Y &, (tr(9))" . (2.19)

In this expansion, however, the large N limit becomes entangled with the rewriting of the
model in terms of tr (®2), which renders the reformulation useless for most purposes.

2.7 The toy model: Hermitian 2 x 2 matrices

For simplicity, let us consider for a moment the case L = 1. The matrices ® act here in
the fundamental representation of SU(2), i.e. ® is a hermitian 2 x 2 matrix. We expand
® = ®H7, in the generators 7, = (19,7,) of SU(2); see appendix C for more details on our
conventions. Together with the commutation relations [7,, 7] = V/2ieapeTe, the action (P-4)
simplifies to

S = 7 (2a®®" + r® Q" + gtr ((®-71,)h)) . (2.20)

Since @49 = tr ((@—11tr (®))?) = tr (®2)—1 tr (@) tr (@), we can rewrite this expression
in terms of traces:

S = v((2a+r)tr (®?) —atr () tr (2) + gtr (%)) . (2.21)

As in the case of the pure matrix model, one can decompose ® into the product QAQT,
where € is a unitary matrix and A = diag(A;, A\2). The Dyson measure dup(®) will
again split into the measure on the space of eigenvalues dA;dAs and the Vandermonde
determinant (A\; — A2)2. In total, the partition function for L = 1 reads as

Zurg = /d)\ld)\g (A1 = X9)? o F1(a0a=22)2+r (N 423) +9(M+AD)) (2.22)

We will use this special case for comparison with our perturbative results for general N.

3. Perturbative expansion of the model

3.1 Motivation

As mentioned in the previous section, our goal will be to turn fuzzy scalar field theory into
a multitrace matrix model. Since we do not know of any direct route to integrating out
the angular degrees of freedom exactly, we will have to resort to perturbative techniques.
This approach is also suggested by the lattice analysis of scalar ¢*-theory on R?, where
a hopping parameter — or high-temperature — expansion has been successfully used, see
e.g. []] and references therein.



Figure 1: On the left, the specific heat € := 6;22 log Z for the pure matrix model with a = 0
is plotted. The right plot presents the result of the O(a®)-approximation to fuzzy ¢*-theory for
N =2.

Assuming that the coefficient of the kinetic term, a, is small — or equivalently that
the coefficients r and g are large, it clearly makes sense to expand the model in powers of
a. To demonstrate this, we use the high-temperature expansion to compute the specific
heat of our model for N = 2. The results are shown in figure [, where the specific heat ¢
is plotted in the case N = 2 for both the pure matrix model and the full theory with high
temperature expansion up to O(a®). In the pure matrix model, one clearly sees that the
critical line of the third order phase transition is a parabola. The plot corresponding to
the full model shows that the critical line for the second order phase transition is indeed a
straight line, and the slope extracted from this data deviates from the numerical prediction
by only 3.25%.

Note that the matrix model phase transition is certainly also present in the full model,
however, it is invisible in the second plot, as the scale of the maximum is far larger than
the scale of the parabolic valley. In general, for large g, the specific heat € := 8%2 log Z
interpolates between % at large positive and negative r. However, there is an intermediate
phase, where % approximates i which corresponds to the negative r phase of the pure
matrix model, see figure .

3.2 Perturbative expansion — O(a')

We will use again the Gell-Mann basis and write ® = ®#7,,. Note that the kinetic term
only depends on &% as (' annihilates 79 ~ 1. We start from the expression
324242

PP Kan® ) 4 3K, B+ T@“Ka@b DK g+ ..., (3.1)

where
Kab = tI‘([Li,Ta][Li,Tb]) . (32)

As in the case of the pure matrix model, we diagonalize ® = QAQ using the unitary
matrix €). This matrix contains the angular information on ® and has to be integrated
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Figure 2: Cross-section through the right plot of figure 1 at g = 150.

over at the end. We thus have

P = tr(r°QAQT, (3.3)
and we need to compute
/ dpg (Q) Koy tr (T7QAQT) tr (1°QAQT) (3.4)
at first order and
/ Apr (Q) Koy Keg tr (T9QAQT) tr (7PQAQT) tr (r°QAQT) tr (19QAQT) (3.5)

at second order.
After rewriting these expressions as sums over traces in irreducible representations, we
can apply the orthogonality relation®

/ dpn () [ [P ()] = ﬁ(p)

to perform the angular integration. We therefore continue by rewriting (B.4) as

tr ((7"QAQT) @ (7PQAQT)) = tr ((T"@ ™) (2@ VDA @A) QT Ql) = tr(a®1)) .

0idjk (3.6)

The tensor product? @ ® 3 splits into @ , and thus we have
tr(a®b]) = trgy(le®b])+ tr([a@b]) . (3.7)

The integral is now easily performed by applying the orthogonality relation (B.6), and we
arrive at

/duH(Q)KabCD"@b = Kab<tr(7“ ® 70) tr (A ® A)+
(3.8)

71 (7% @ 70) tr
+dim()t ( @70t (A®A)).

3For a proof of this relation, see appendix A.
4Note that our notation here obviously deviates from the standard one. For more details on this, see
appendix B.

,10,



Note that tr,(A ® A) is actually the character of A in the irreducible representation p.
The traces can be easily computed and the results are given in appendix B. With these
formulae, we obtain

1 1
agdb __ 2 2
/dMH(Q)Kabcb b = trK<7N_N3(trA) +N2_1trA>
— 1 2 2_i 2) l o 2)2 — E:
= N (trA (trA)) = 2Ni§>j:()\z N = B,

where we used

L
tr(K) = tr(Cy) = S (@+1)1I+1) = %L(1+L)2(2+L) _ %(N—l)NQ(N+1).

1=0

(3.10)

and

2 1 1 2 2 1 2 2
>N —NZAMJ = (1-% > XN —NZAZA]» = NZ(Ai —20 ) +A%) . (3.11)
i ij i i>j i>j

One easily checks that (B.9) is indeed independent of 79: for A = 1 and, equivalently,
for eigenvalues \; = ... = Ay, the expression vanishes. Note that we can replace A by

® everywhere, keeping the expression independent of the angles €2. Therefore, one can
“invert” the integration and replace K, ®*®° in (B1)) under the integral directly according
to

/ djip (@) Ky 00 — / djup(®) N2 (tr (@2) — %tr@f) . (3.12)

3.3 Perturbative expansion — O(a?)

The calculations for higher orders in a and thus K are more and more involved, but
nevertheless straightforward. For our approximations, we would like to have one more
order in a, so let us calculate the involved terms:

/ dpp (®) Ky PO K @ &, (3.13)
which turns into

1 a (&
/duD(cb) > mK“bKCd tr ("R TRTRTNt (PRPRPR D) . (3.14)
p

after using again the orthogonality relation (.6).

We start by considering the terms K, K4 tr p(7“®7b®7'c®7'd). The traces of this form
break up nicely into ordinary traces and multitraces as above, and the detailed formulae
are found in appendix B. Additionally, we use the identities

1 1
Ky Keqtr (1070771 = K Keg (N(;ab(;cd + Zdabedcde> ,

1 1 1
Kb Ko tr (Ta’TchTd) Ko K. < (26a05bd 5ab6cd) §dacedbde Zdbatedced ’
(3.15)

— 11 —



which are easily proven with the identities given in appendix C.
We have now the following contributions in the various representations, multiplicities

already taken into account:

1 2 2 1 abe jcde ace jbde

o1 1—|— (trK)*+ |2+ tr K —d d°Y¢ + d*“d KK
— ((1 + ) (tr K)?+ 2+ ) tr K2 + d“bed“le + d“cedbde> achd>

1
8
( tr K) —|—2trK2)
1
8

1
- <<1 _ _) tI‘K 2 +(2- ) tr K2 <§dabedcde + dacedbde> achd>

. 1 2 2 2 abe jcde ace jbde
Y <<1 N>(U'K) —|—< >t K d d + d*°d achd
(3.16)

Note that — as expected — the sum over the above terms vanishes. To obtain the correction

2| -

| =

miaaamﬁg

to second order in a, we have to divide each term by the dimension of the corresponding
representation and multiply by the character of A (or ®) in this representation. The latter
are taken from table (B.7), and putting all together, we obtain

/ dpp(P) K, PP K, ¢ ¢ =

/d (@) (2tr K2 + (tr K)?)(t} + 8t1ts — 2(t3t2 + t4) N + t3(N? — 6)
HD N2(N* — 10N2 + 9)
N —5t} — 4tyts + 3t2 4+ (10t3ty + t4)N — 2(2t1t3 + t3)N? 4 t4 N>

+  (3.17)

K'K
N(—=36 + N2(—7+ N2)2) ’
where we used the shorthand notations
1
KK = <§d“bed0de +dacedbd6> KapKeq (3.18)
and
th = (tg)" = (tr(AT)". (3.19)

As discussed in section 2.4, we can in fact rewrite the integrand in (B.17) in terms of the
two functions:

2
Eso= Y (M—A)! and =3 = (Z(Ai—)\j)2> : (3.20)
i>j i>j
For this, note that

2> (A — X))

1>7

Il
=
(s}
N
—_
~_
~
Q
L
~
=
+
|
N
—_
~
~
=
~
—_
+
=

- 12 —



In our case, Nty uniquely identifies the contribution of =4, while N?t3 marks the contri-
bution of Z3. We thus read off that

(2tr K2 + (tr K)?)

NZ(N*—10N? +9)
1

/d,uD((I))KabCI)“CbbKCdCI)C ol = /d,m(cb) (1Z4 + a2Z2)+

= 2AOKK
+ N(—36+N2(—7+N2)2)(ﬁ1 4+ $2E35) ,
(3.22)
where
ar = =2, a =1, b= (N=-2)(N-3)+5N~-1), f = -5; (323

performing the complete calculation as a consistency check yields the same result. Using
additionally that

(0 K)? = (trCy)? = i(N—1)2N4(N+1)2,

1 (3.24)
tI’K2 = (tI‘CQQ) = g(N_l)QNQ(N—{—l)Q,
we can further simplify our result to
N? —1)(8 + 3N?)
[ dun(@)Kavtai B @) g (2% + Zh)
! 2
S EHKK .

+ N(—36+N2(—7+N2)2) (ﬂl 4"'62 2)

(3.25)

3.4 Formula to all orders

In general, every order in a of the expansion of the kinetic term can be rewritten as a poly-
nomial of the eigenvalues in this manner. Multiplying by the Vandermonde determinant
only increases the degree of the polynomial.

To all orders, the expansion reads as

_ — (Bya)" 1
JTLn axaye e oonn 3o 4 S L K K x
i | N a1b1 QAnOn
i n=0 e pEY (2n) dlm(p) (326)

X tr (7" ® Mg, . @ Tb”)Xp(A) ,

where Y'(2n) is the set of irreducible representations of SU(N) corresponding to Young
diagrams with 2n boxes, A is the diagonal matrix of the eigenvalues of ® and x,(A) denotes
the formula for the character in the representation p, evaluated at A.

If one were to use orthogonal polynomials for solving the approximated model, note
that the only integrals which would appear are of the form

3+n 2
naraZ—gxt _ 1 1y <i> i 9p(ltn 14+n 1 g°
/d)\)\e 1+ (4 I ()R (50 )4

2
p (30 g (23900
1 124




and since they are thus exactly soluble for T% > 0, which corresponds to our case, one

can in principle perform exact analytic computations at every order in a. In practice, the
terms appearing will be more and more involved and it is thus advisable to use a computer
algebra program.

3.5 Verification for N =2
To verify the above description, let us briefly compare to the exact results in the case
N =2, ie. L=1. From (R.2])), we obtain

/d;@(@) PUK P’ = /d;@(@) 2tr (?) — tr (®) tr (P), (3.27)

which is identical to (B.13) in the case N = 2.
In the case of the term at second order, the general expansion of the tensor product is

truncated according to

o Y
plo

(3.28)

@ 1P
V| o

As a consistency check, one can sum tr, over these representations which yields the usual
tr (7#) tr (7V) tr (7°) tr (77). Using the identities (valid for L = 1)

1 1
Kachdtr(TaTchTd) = §6ab5CdKachd = §(trK)2,

1 1 (3.29)
K Keqtr (o701 = 5(5“5“ 4 694§% — 55N K Koy = §(tr K)?,
and the formulee given in table (B.5), one easily verifies that
/d,u,D(‘I)) DK P° DK DT = /d,uD(CD) — 4tr &t + 6( tr )2 — (tr @)* (3:30)
3.30

= (A1 — M)t

in agreement with the term of order O(a?) in the Taylor expansion of (R.22).

4. Solution of the model for large N

4.1 Large N limit

Numerical results [§ suggest, that the parameters of fuzzy scalar field theories at different L
can be rescaled to make the corresponding phase diagrams collapse to one unique diagram.
This implies in particular, that we can study the large N limit, in which the formulas
simplify and we can apply the saddle-point approximation. Let us therefore extract the
large N limit in the following.
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Using the identity 7 Tkl = 0;10j and

KaFeatr (r077°7%) = S tr (Li, 7] 7)o (L, 7L, 7)) (7777) (1)
= (e L 7)) tr (L )Ly 7Dt ()

we find that
1 1
Ko Keqtr (10707679 = §N2 tr (L;L;LjLj) + §N( tr (LiLy))?,
4.2)
N (
KapKeqtr (r7°707%) = 5t (Lo, Lyl[La, L)) -

We have furthermore L;L; = 1(N? — 1)1y and tr(L;L;) =
follows that

tN(N? —1)8;, from which it
1 1 1

~N?tr (L;L;L;L;) + =N (tr (L;L;))* = ZN3(N2 —1)?,
2 2 (4.3)

S (Lo L)L L)) = ~N(N* 1)

Thus, the dominant term in () is (tr K)2 ~ N8, in particular the term K 'K is negligible
in the large N limit. Altogether, (B.17) eventually reduces to

N2 N2 _2>

Jam@ e s~ @ (- e (14)

2 4
where the second term is precisely the next term in the Taylor expansion of the exponenti-
ated correction in O(a'). The first term is new, and corrects the matrix model. Note that
it has the right sign to be exponentiated again and keep the partition function well-defined.

One is clearly tempted to conjecture that at nth order in the high-temperature ex-

pansion, the term ) — )\j)Zn is new, while all the other terms just correspond to

Z>j(
terms in the Taylor expansion of corrections at smaller orders. This, however, seems not
yet possible to prove with the techniques at hand.

If this assumption is correct, we can reexponentiate the terms and arrive at the fol-

lowing matrix model, written in terms of eigenvalues:

2
2 4 7@ 2 42
:72 rA? + g\ HZ(" (N = A+ N2 = ) —;ln|)\i—)\j|> .
1>
(4.5)

Note that even if the assumption was not correct, this would still be a useful approximation
valid up to order O(a?).

In the large N limit, we rescale A\; — A(%) = A(z) with 0 < 2 < 1 and the sums are
turned into integrals: Zfio — N fol dz. We thus arrive at the action

S = AN /Oldm<rA2(x)+gA4(x) +N/01dy< - V0@ - Aw)* (4.6)

a2
+ LN @) = M) - %ln M) = 2w)]))
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4.2 The saddle-point approximation

For both single and multitrace hermitian matrix models, the saddle-point approximation
provides a powerful tool for analyzing the phase structure. However, one has to integrate
out the angular variables first and reduce the matrix model to the eigenvalue formulation.
This is due to the fact that the angular degrees of freedom are zero modes in the partition
function and keeping them would render the saddle-point approximation invalid.

In the large IV limit, we can define scaling limits for the coupling constants, such that
all of the terms contribute. From the log-term, we see that we have to pull out a factor of
N?2. Supporting the validity of our approach is the fact that we can choose a scaling which
agrees with the scaling found numerically [{]:

a = N%a, r = N%#, g = N%G and \z) = N®\(z), (4.7)
where 1 3 1
90, = —5, 97« = 5, 99 = 1 and 9)\ == Z . (48)

Note that the correct conversion is the following:
Op = —1+6,—-0,+20\ and 0. = —1+0,—20,+ 40, (4.9)

where b and ¢ are the coupling constant in the normalization of [§].
Altogether, we have the following partition function:

Z = /_@)\ exp(—N29), (4.10)

where

S = 4Arx /01 dz (fS\Q(x)—i-gS\‘l(m) + /01 dy( - %()\(.%’) — A))?

Ara? -

- 1 - -
A@) = A = =A@ -Aw))) -

With our scaling, the saddle-point method becomes exact in the large N limit.

(4.11)

+

Rewriting the integral over y in ) as an integral over S\(y) introduces the eigenvalue
density u(\) = dy/d\, and the moments

co = /dﬁu(ﬂ)é1 and ¢ = /dﬂu(ﬂ)ﬂi, i =1,...,4 (4.12)

appear. Since our problem is symmetric with respect to A — —J, it is natural to assume
that the eigenvalue density will possess this symmetry® and therefore the odd moments ¢;
and c3 have to vanish. Together with suppressing constant terms in A, this reduces the

action (f.11)) to the following one:

S =dn /Oldx ((f—%+67;d2c2> () + <§+%&2> 5\4(96)—% /01 dyln\:\(w)—:\(y)o 7
(4.13)

which corresponds to the action of the minimal multitrace matrix model studied in [[[J]
with shifted coefficients.

5The results of [@] indicate that this is not necessarily so; however, we will postpone the detailed
discussion of this point to a future publication.
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4.3 The solution

Since the solution to our model can be derived by well-known methods, let us be brief in
the calculation. Assuming that we have a one-cut solution, for which u(\) has support
on the interval [—d, d], the saddle-point equation, which is the equation for the stationary
points of ([.13) rewritten using the eigenvalue density u(\) under the constraint ¢y = 1,

= =2 . ~2\ b ~
dr (7= 2+ bma co | A+ 81 §+ﬂ A= ][ dp ~u(,u) , (4.14)
4 2 2 iy A—[

reads as

where the integral on the right hand side is a principal value integral. The solution to ({.14),
obtained in the usual manner, is

=2 =2
~ N B ) ~ mTa 2 - m™a ) 9 .
u(A) = <47’—a—|—127ra02—i—4<g—|—T>5 —i—8<g—|—T>)\>\/52—)\2, (4.15)

the familiar polynomial deformation of the Wigner semicircle distribution. The normaliza-
tion condition ¢y = 1 yields

%7762 (47 + 1836% — a + 3ma” (4cy + 36%)) = 1. (4.16)

Solving this equation for cs results in

2 + 102 (a — 47 — 9(2§ + a®m)6?)
cp = Tor20252 , (4.17)

and using the original definition of ¢ yields the self-consistency condition
702 (87 4 36G0% + a(3amd (8 + w(2§ + a’m)6%) —2)) —4 = 0. (4.18)

4.4 The phase diagram

As discussed before, we expect a non-uniform order phase in the phase diagram, and
therefore a region in the parameter space for which the one-cut assumption is no longer
valid. In this region, the eigenvalue density (f.15) will become negative and therefore ill-
defined. Looking at the polynomial part ¢(\) of u()\), we see that the transition should
occur, when ¢(0) = 0. Together with the normalization of ¢y and the self-consistency
condition for ¢, this gives a critical curve C marking the critical values of g depending on
the other parameters. Explicitly, C is defined by the following two branches:

ct = 312 (—63&2 — 8G7 + 1672 % (47 — a)v/1672 — 8a7 — 95a2> . (4.19)

The same result can be obtained straightforwardly in a different manner: Let us again
assume a symmetric eigenvalue density which allows us to turn to the action

S = sotr (D2) + spo(tr (®%))2 4 sytr (BF) (4.20)

Furthermore, we define the effective coupling 82 = 52+ s92(tr (®2)). We can now treat our
model as if it was a pure, single-trace hermitian matrix model with 35 as the coefficient
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Figure 3: The one-cut-two-cut transition for the matrix model and the boundary for the region of
validity of the one-cut solution to the multitrace matrix model for a = 1.

of the quadratic term. In the regime in which the eigenvalue density has support on two
disjoint cuts, we have the usual formula (tr (®?)) = —];%2. Using the equation §; =
—24/N sy for the one-cut two-cut transition, we are lead to the rescaling of fields we used

above and eventually arrive at the curve C as a self-consistent solution.

To compare this phase transition to the ones obtained numerically, recall that in [§],
three disctinct phases were found. The transition between the first and the second phase
is of third® order, i.e. the specific heat has a discontinuous first derivative at the curve
roughly described by equation (R.13). The transition between the second and the third
phase is of second order, i.e. the specific heat diverges, and numerical results suggest that

the critical curve is approximately given by the equation

g = (0.19 £ 0.08)VNr . (4.21)

The phase boundary we find is a deformation of the matrix model boundary, cf. figure .
In this deformation, the region in which the one-cut solution is valid is increased by turning
on a. This is in agreement with the predictions derived from the numerical results, that the
triple point at which the third-order phase transition meets the critical line of the second
order transition is located at larger values of r than in the case of the pure matrix model
transition. Therefore, our results suggest to interpret the turning point of the curve given
by C* as the rough location of the triple point, and we will use this interpretation in the
following section. A comparison with the numerical values confirms this interpretation. The
turning point is located at (r, g) &~ (—2.7,0.25) which is to be compared to the result (r, g) =

(—=2.3+£0.2,0.52 4+ 0.02) from the numerical computations [§], a reasonable agreement for

a second order approximation.

We expect the critical curve (f.21]) to emerge in a future discussion of the full solution

space to our multitrace matrix model.

SA detailed calculation proving this will be presented in a future publication.
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5. Modification of the model

5.1 N — oo limits of the model

The various limits with N — oo for scalar field theory on the fuzzy sphere were discussed
in [H]. To make these limits more transparent, note that we can obtain a noncommutative
coordinate on S% using the noncommutative analogue of the coordinate x* ~ zo‘aéﬁzﬁz

Rofﬁ A

N . N 24
ﬁaﬁ Wlth ,IZLEZ‘,HN_l = R 1 Hy_y (51)

it =al,
where H _1 is the two-oscillator Hilbert space with L = N — 1 excitations. These coordi-

nates satisfy the algebra
2R

N2 -1

There are now the following large N limits:

[21,27] = i Eijri® . (5.2)

> The limit of the commutative sphere 52, for which we simply take N — oo with fixed
radius R.

> The noncommutative planar limit, in which we consider the tangent plane’ at the
north pole. That is, 4> — R and therefore the correct limit is N2 — oo and R? = %,

which results in the noncommutative coordinate algebra [, 2?] = i0 on R2.

> The ordinary planar limit, for which N — oo and R? ~ N'7¢ with 0 > ¢ > 1. In this
limit, the coordinates &', #2 turn into the commutative coordinates on R2.

5.2 Commutative and noncommutative ¢*-theory on the plane

As mentioned in the introduction, the naive action for scalar field theory on the fuzzy
sphere will not reproduce standard ¢*-theory on R%. There is a UV /IR mixing BI)] even in
the case of the fuzzy sphere, which is, however, finite for every finite value of L [§]. In [g], it
was shown that the deviation from the commutative theory is given by tadpole diagrams,
which can be removed by modifying the action in the following way:

S = ~tr <%‘I> (CQZL(CQ) +t— %R(L,t)) P+ r®? +g<I>4> , (5.3)

where Z1(C5) is a power series in Cy corresponding to wave function renormalization, and
R(L,t) is a function logarithmically diverging for large L.

The numerically obtained structure of the phase diagram of fuzzy scalar field theory
suggests a comparison with that of ¢*-theory on R?, as the phase transition corresponding
to the line is also seen there: The existence of a second order phase transition in scalar
¢*-theory on R? has been rigorously established in [2J]. This phase transition is due to
spontaneously broken reflection symmetry ¢ — —¢. The exact structure of the phase

"A more detailed discussion would use complex coordinates and the stereographic projection.
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diagram was calculated only later using lattice and other techniques [3]. It was found
that for the model 1 1 1

Lg = §(V¢)2 + §m2¢2 + Z)\¢4a (5.4)
the phase transition on a lattice occurs along the line A = —10.24(3)m? in the A-m?-plane.

Note that the third order phase transition stemming from the matrix model part
together with its triple point with the second order phase transition is absent. This phase
finds, however, a nice interpretation in terms of ¢*-theory on the noncommutative plane.
There, the theory exhibits a new striped phase, which breaks translational invariance. This
phase has been predicted in [P4] for d > 2 using a self-consistent Hartree treatment and
in [Rd] via a one-loop renormalization group analysis. Numerical evidence for the existence
of such a new phase has been found in [§]. As argued in [R7], appendix B, a definitive
confirmation of this result is still pending.

Altogether, we conclude that naive ¢*-theory on the fuzzy sphere serves most likely
as a regulator of ¢*-theory on the noncommutative plane. Furthermore, we expect that in
the modified model (f.3), the triple point moves off towards » = —oo, which would be a
clear hint for a fuzzy field theory tending indeed to quantized ¢*-theory on the plane in
the appropriate large N and R limits.

5.3 Modified fuzzy ¢*-theory

Let us now study the effect of the wave function regularization on the phase diagram,
assuming that Z(Cy) = 1+ kC5. That is, we consider the modified action

~ a

S = ~vtr <ﬁ¢(02 + KCyCo)® + 1 B2 + g<1>4) . (5.5)
This modification is particularly simple to realize in our formalism, as it amounts to re-
placing the kinetic matrix

Koy — Kab = Kgp + 6KqeKep - (5.6)
We thus have the following new quantities:
. 1
tr(K) = V- DN?(N +1)(3 +2(N? — 1)&),
5.7)
i 1 (
tr(K?) = %N2(N2 —1)2(10 + 5(3N?% — 4)k + 2(3N* — 9N? + 8)K?) .

To have both contributions in K survive the large N limit, k = N sk has obviously to
scale with 6, = —2. After rescaling, we have K, and one can easily show that KK is still
negligible compared to the contribution from (tr K)2. A straightforward calculation shows
that a is simply replaced by

a = a(l + %m(NQ - 1)> (5.8)

in all equations, and we therefore have in the large N limit

a = a<1+§ﬁ;> : (5.9)

As discussed above, increasing a moves the triple point away from the origin, so we verified
that introducing x has the desired effect.
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6. Conclusion

We gave an explicit algorithm for turning the kinetic term of a fuzzy scalar field theory
into a multitrace expression which behaves equivalently under the functional integral. This
algorithm uses a perturbative expansion of the kinetic term, and it produces the exact result
in a — in principle — straightforward manner at every order in the perturbative series.

Explicitly, we evaluated the multitrace terms for scalar ¢*-theory on the fuzzy sphere
up to second order and presented the one-cut solution in the large N limit. We found that
this solution gives rise to a consistent deformation of the region of validity of the one-cut
assumption in the case of the pure matrix model. Furthermore, this deformation exhibits
a turning point, whose location is in good agreement with the location of a triple point
conjectured from the numerical data.

Eventually, we studied a modification of the original model which is believed to pro-
vide the correct regularization of two-dimensional ¢*-theory within the framework of fuzzy
geometry. The multitrace model arising from the deformed theory is a deformation of
the multitrace model previously obtained and the observed changes in the phase diagram
suggest that the modification is indeed useful.

In a future paper, we will study the full solution space to the multitrace matrix model
for both the naive and the modified ¢*-actions. Furthermore, we will try to apply the
technique of orthogonal polynomials for solving the model exactly also at finite V. Also,
we want to probe the multitrace model numerically in order to gain solid data for comparing
it with the full fuzzy field theory.

Further directions for future research are also evident: As our rewriting of the kinetic
term is independent of the potential, one can easily solve further models with different po-
tentials, as e.g. ¢%-theory or even sine-Gordon theory on the fuzzy sphere. Also, field theo-
ries on more general fuzzy spaces such as higher-dimensional complex projective spaces [2g],
fuzzy flag manifolds [RJ] and fuzzy projective algebraic varieties [BJ] are now accessible an-
alytically. In particular, one should study which aspects of non-renormalizability of e.g.
#5-theory in four dimensions remain, when the theory is considered on fuzzy CP! x CP!
or fuzzy CP2.

After scalar field theory and Yang-Mills theory on the fuzzy sphere have been ap-
proached analytically, it might also be interesting to consider the matrix model corre-
sponding to general relativity on the fuzzy sphere, which has been constructed in [B].

Eventually, let us state a rather bold conjecture: Multitrace matrix models were first
put forward and studied in the context of trying to define string theories with central
charge ¢ > 1 [[Ld, Rq]. It is well-known that such theories exhibit a phase transition with
complex critical exponent, an earmark of high instability, and this instability is believed to
correspond to a crumpling of the Riemann surfaces. There is a natural class of multitrace
matrix models which arises from applying our approach to scalar field theories on the
fuzzy sphere and fuzzy Riemann surfaces® of higher genera. Furthermore, the truncation
of the algebra of functions provides a rather natural mechanism for keeping the Riemann

8For a definition of such spaces, see e.g. [@] Alternatively, one can define them by considering an
embedding of the Riemann surfaces into CP™ and using the techniques of [@]
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surfaces from crumpling in an uncontrolled way. It might indeed be worthwhile to look
for a connection between fuzzy field theories and the long-sought definition of ¢ > 1 string
theories.
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A. SU(N) orthogonality relation

In the above discussion, we used the orthogonality relation

/ dpu(Q) [p(Qli; "W = ﬁ(p)

where Q € SU(N), p is a finite-dimensional, unitary, irreducible representation and pf

0it0jk » (A1)

denotes its complex conjugate. The measure duy(92) is the Haar measure’ on SU(N)
normalized according to [dupm(Q2) = 1.

We briefly recall the proof of this relation, as given e.g. in [BJ]. Consider the integral I =
[ dpa(Q)p(2)Apf(Q). Using the identity p(T)Ipf(Y) = I, which is a trivial consequence
of the Haar measure being invariant unter translations Q@ — YTQ, T € SU(N), one can
show that p(Y)I = Ip(T). Thus, we conclude by Schur’s lemma that I = ¢1. Choosing
A = OmjOnk, we obtain [ dum(Q)[p(2)); [T = cjidi. Tracing this expression over
the indices 4, yields that dim(p)c;;, = d;x, from which ([A.1)) follows.

B. Trace formulase

In this appendix, some explicit formulse for traces of Kronecker products of matrices 7% ®
°® ... ® 7¢ projected on certain irreducible representations p are given. Such traces will
be denoted by tr,. Furthermore, we use the shorthand notation

(1 e i) (Vo) oo =t (TP o) b (P LT L (B.1)

Curly traces {po ...} denote a sum over all distinct permutations of the enclosed factors.
Note that simplifications arise for traceless factors. It should be stressed that our labeled
Young diagrams are not the usual ones: The labels in the boxes in the Young diagrams
describe the action of the Gell-Mann matrices corresponding to the labels. For example,
means the action of 7% ® 7" in the representation [, which reads as

1
[ulv]im = (Tﬁffz + ThTl T T+ TﬁTﬁg) : (B.2)

%.e. the measure which is invariant under left or right multiplication by p(Y), T € SU(N)
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The tensor products of the fundamental representations we are interested in decompose in

the following way into irreducible representations:

W) - Lo |t

o MY @ L] o (B.3)
plo vio
plvl  |ulpl  |ulo]
S lpl D|v D v S
AR TR
O] O] O] B
or, for convenience also written in terms of dimensions:
N2+ N N2-N
N-N = ;— + 5
N*+6N3+11N2+6N _N*+2N3 - N2-2N _N*- N2
N-N.N.N = N TN OV NV +2 (B.4)
24 8 12
N*—2N3 - N2+4+2N N*—6N3+11N%2 - 6N
ELEL S L

Altogether, we obtain the following relations between the traces in the irreducible

representations appearing in these decompositions and the traces in the fundamental rep-

resentation:
p trp
5 (W) + (u))
(W) = (w))
1 (W @) () (@) +{() () (po)} + { (1) (vpo)}+
() (po)} +{(pvpo)})
(W) @)(p)(0) + {(ur)(p)} (o) — (no)(v)(p)—
—(po)(vp) — (o {v)(p}) + {(uvp)} (o) — (no{vp}))
] 5 () @)(P)(0) + (W W) (po) + () (p)(0)— (B.5)
— () (wo)(p) — (up)(v)(o) + {(pv)(po)} — (upv)(o) — (n)(vpo)—
~(uop)(v) — (uvo)(p) — (nopv) — (uvpo) + (uovp) + (upvo))
0 HW0EO) ~ @)} + ()(p)(0) ~ () (po)-
—(ur{p)(o}) + (u{pa})(v) + (uv{pc}))
1 (W @) () (@) = {(w) (W) (po)} + { () (vpo)}+
+{(u)(po)} = {(uvpo)})

,23,



Note that adding tr, for all the irreducible representations p with two and four boxes
yields
tr (7H)tr (77) = trppo(tt @ 1Y),

(B.6)
tr (7H) tr (77) tr (7P) tr (77) = troereren(tt @ TV @ P @ 177),

respectively, which confirms that our decomposition is correct.
In the case in which all the factors of the Kronecker product are the same, the formulae
given in (B.5) reduce to character formulae, which are found e.g. in [B4]. For convenience,

we also list them in the following table:

XP(A)
L((trA)? + trA?)

S((trA)? — trA?)
S((tr (A)*+6(tr A)2tr A% + 8tr Atr A3 + 3(tr A%)? + 6tr A?)

s((tr (M) +2(tr A)? tr A% — (tr A?)? — 2tr AY) (B.7)
1—12 ((tr (A)* —4tr Atr A3 +3(tr A2)2)
H((tr (A)* —2(tr A)? tr A2 — (tr A%)2 + 2¢r A%)

Si((tr (A)* —6(tr A)2tr A% + 8tr Atr A3 + 3(tr A%)? — 6tr A?)

C. Lie algebra conventions
We use generators 7# = (7°,7%) of U(N), which are orthonormal, i.e.
tr (THTY) = M (C.1)

0 = %]l ~, and 7@ are the Gell-Mann matrices generating SU(NN). In general, we use the
Greek letters u, v, p,0 = 0,..., N?—1 and Latin letters a,b,c,d = 1,..., N2 —1 for labeling
generators. The structure constants f%¢ and the symmetric tensor d®¢ are defined by the

multiplication rule
1 1
Ta’Tb — 6ab7_0 + =i abc +dabc ¢ C.2
S L ) (©2)

This implies that

fabc — —itI‘([’Ta,’Tb]’Tc) - [’Ta,’Tb] — ifabc,rc’

2 C.3
dabc — tr ({Ta,Tb}TC) - {Ta,Tb} — NéabTO + dabcTc ) ( )
From the above definitions, it is obvious that f®¢ and d®¢ are totally antisymmetric
and symmetric in their indices, respectively. Recall also the Fierz identity TZTIZ = 0;10k

implying that 7#7# = N1y.
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The quadratic Casimir Cy with the standard eigenvalues [(I + 1) corresponds in our

conventions to

1
C® = 5[7—(1, [Taaq)“ . (C4)
Starting from
(7P, 7700 = 7P ) {7 ) (C.5)
one easily proves the identity
4
facefbde - N(ébaécd - 5b05ad) + (dbaedced - dbcedaed) . (06)
Furthermore, we have
facelpge = tr (707677 — tr (75797°79) + tr (7977970 — tr (rérris?) . (C.7)
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